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It is shown that for any n there exist subsets of an n x n square array con- 
taining n points, of which no three lie in a line, and that for sticiently large n 
there exist such subsets containing ($ - $I points. 
1. INTRODUCTION 
The no-three-in-line problem, which originated in a problem of 
Dudeney’s [I] and is still of interest to combinatorial mathematicians [2], 
is the problem of choosing a subset of points from an n x n square array 
of rz2 points in the plane so that no three of the chosen points lie in a 
straight line. How large can such a subset be? 
We will use T,, to denote the IZ x n array of points (x, v) with x and y 
integers and 1 < x, y 6 n; and we will speak of “no-three-in-line subsets” 
of T, . It is evident that a no-three-in-line subset cannot contain more than 
2n points, for if it did three of the points would be in the same row. 
Subsets achieving this maximum size have been found for n = l,..., 10 and 
n = 12 [3], but Kelly and Guy [4] have put forward probabilistic 
arguments supporting the conjecture that for large n it will not be possible 
to construct no-three-in-line subsets containing more than 
(2#/3)l/* n N 1.87n points. 
The most that is known definitely in the general case is that there exist 
no-three-in-line subsets of T,, containing at least &z points. This follows 
from a construction by Erdiis [S] which gives n points when II is prime. In 
this paper we adapt Erdiis’s construction to obtain a no-three-in-line 
subset containing n points for every n. This is our Theorem 1. 
When n = 2p with p prime we can construct a no-three-in-line subset 
containing 3(p - 1) points; we present this construction in Theorem 2. It 
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follows as a corollary of this theorem that for all sufficiently large n there 
is a no-three-in-line subset with nearly $z points. 
2. CONSTRUCTION OF NO-THREE-IN-LINE SUBSETS 
Both of our constructions use the following ideas. 
DEFINITIONS. Given a prime p and an integer k + 0 (modp), we 
define the p-hyperbola H(k, p) to be the set of points in the plane with 
integer coordinates (x, y) satisfying 
xy = k (modp). 
We will say that two points (x1, y,) and (x2, yz) EP are congruent 
(mod p) (or simply congruent) if 
x, E x2 (modp) and y1 = yz (modp). 
We will also say that two sets of points in Z2 are congruent (modp) (or 
simply congruent) if there is a one-to-one correspondence between them 
such that corresponding points are congruent. 
LEMMA. Zf three points in H(k, p) lie on a straight line, two of them are 
congruent (mod p). 
Proof. Suppose the three points lie on the line L whose equation is 
ax + by + c = 0. Since the line passes through two integer points, we 
may assume that a, b, c are integers and that a and b have no common 
divisors. Hence all integer points on L satisfy 
ax+by+c=O(modp), (1) 
where at least one of a, b is not divisible by p. Suppose a + 0 (modp). 
Then if H(k, p) and L intersect in the point (x, y), we can substitute for x 
from (1) in the congruence xy z k (modp) to find that y satisfies a 
quadratic congruence (modp). Hence there are at most two residue 
classes (mod p) that y can belong to; since the residue class of y determines 
the congruence class of the point (x, y), it follows that H(k, p) n L 
contains at most two noncongruent points. 
THEOREM 1. For every n there exists a no-three-in-line subset of T,, 
containing n points. 
Proof. Let p be a prime satisfying 
+I -=c p < n (if n is even) or $(n + 1) -=c p < n + 1 (if n is odd); 
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such a prime exists by Bertrand’s postulate [6]. The theorem is trivial for 
n < 3, so we may assume that n > 4; then p is odd and the above 
inequalities can be replaced by 
~n<p<n(neven)and~(n+l)<p<n+l(rzodd). (2) 
Let Nk be the subset of T, n H(k, p) satisfying y < p; then NYC contains 
n - 1 points, for it contains one point on each line x = a for a = I,..., n 
except for the line x = p. Moreover Nk is a no-three-in-line subset, for it 
is contained in H(k, p) and so, by the lemma, if three points of Nti lie on a 
line then two of them are congruent (modp). But if two points of Nk are 
congruent (mod p) their coordinates must be (a, b) and (a + p, b) for some 
a, b, and then the line joining them contains no other points of N1; . 
We will now add one more point to Nk and choose k so as to obtain a 
no-three-in-line subset containing n points. The position of the extra point 
and the choice of k depend on whetherp = n. 
easel. p fn. 
By virtue of the inequalities (2) we have p < n and 2p > n + 1. Hence 
the point P = (p - 1, p + 1) lies in T, , and if we choose k = p - 1 it 
also lies in H(k, p). It does not lie on any line through two points of Nk , 
for if it did it would, by the lemma, be congruent to one of them; but since 
2p - 1 > n the only point in T, congruent to P is P’ = (p - 1, l), and 
the line y = p - 1 joining P and P’ contains no other points of Nk. 
Hence Nk u {P} is a no-three-in-line subset of T, containing n points. 
Case 2. p = n. 
In this case we choose k to be a quadratic nonresidue (modp), and we 
take the extra point to be Q = (p, p). If this point lay on the line through 
two points RI , R, E Nk, then R, and R, would both have to satisfy a 
congruence of the form y = mx (mod p) for some m. It follows that 
x2 G km-l and y2 = km, 
so if R, = (x1 , yl), R, is congruent to (-xl , -yJ. Since both points lie 
in the region O<x<p,O<y<p, this gives R2=(p-xl,p-yy,). 
Since Q = (p, p) lies on the line RlR2 , we have 
(P - YJ(P - x1) = YllXl 9 
whence x1 = y1 . But this is impossible, since xry, = k and k is not a 
quadratic residue. Hence Nk u {Q> is a no-three-in-line subset of T,, 
containing 12 points. 
THEOREM 2. For every prime p there exists a no-three-in-line subset of 
T,, containing 3(p - 1) points. 
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Proof. For this construction it is more convenient to have the origin 
at a different point of the square. Thus we define Tip to be the.set of points 
(x, u) E .P with -A& - 1) < x < p + +(p - l), and we will show that 
there is a no-three-in-line subset of T.&, containing 3(p - 1) points. 
Choose any integer k + 0 (mod p). For each pair of integers (r, s) we 
define the following subsets of H(k, p): 
4, = {(x, Y); xy = k (modp), rp -=c x < rp + HP - 11, 
Q+a(P+1)GY~(~+l)Pl, 
B,., = {(x, Y); XY = k (mod p), rp 4 80 + 1) < x < (r + 1) P, 
SP + HP + 1) G Y -c (s + 1) PA 
G-, = Kx, Y>; XY = k (mod p), rp -=L x < rp + HP - 11, 
sp -=c y < SP + H(P - 01, 
4, = K-G Y>; XY = k (modp), rp + HP + 1) < x < (r + 1) P, 
sp < y < SP + i(P - 1)). 
Each of these four families of subsets consists of congruent sets, and no 
two sets from different families are congruent. Furthermore, if two points 
of H(k,p) are congruent, then they must both belong to the union of the 
same family. In other words, the unions A = lJrs A,, , B = ups B,, , 
c = U78 CT,, D = urs D,, consist of complete congruence classes of 
points of H(k, p). 
Our no-three-in-line subset of T,‘, is 
N = A,,, u A,, U Alo u B,, u B-,,1 u B-,,,, u C, u Cl, u C,, u II,,, 
u D-m u D-I,, . 
(0,2P) (Ps 2P) 
a 0) (P, 0) 
I. The subset N. 
Since 1 A,, I = ) &, 1 for each (r, s), and similarly for B,, , C,, and D,, , 
the number of points in N is 1 N 1 = 3 1 A,, u B,,, u Co, u D, 1 = 
3 I G n Wk, P)I = 3(~ - 1). 
To show that N is a no-three-in-line subset, note first that pairs of 
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congruent points in N are joined only by lines of slope I, - 1, 0 or tc. 
Now lines of slope 0 or cc meet only a single congruence class of points in 
H(k,p). Lines of slope 1 meet either no such classes, or one such class, 
which must then be contained in either A or D; or two such classes, in 
which case either they both lie in A, or they both lie in D, or one lies in B 
and the other in C. This is best seen by looking at the representatives of 
each residue class in T, . If a line of slope 1 contains two noncongruent 
points of H&p), then their residue classes in ZP2 must be of the form 
(x, v) and (-y, -x), so that their representatives in T, are reflections of 
each other in the diagonal of slope - 1. Hence either these representatives 
both lie in A,, , or they both lie in D, , or one lies in B,,, and the other in 
D W . Jf the line meets only one residue class, then its representative in T, 
lies on the diagonal x + y = p, and therefore lies in either A,, or D,, . 
Similarly, lines of slope -1 meet either no residue classes, or one 
residue class, which must then be contained in either B or C; or two 
classes, in which case either they both lie in B, or they both lie in C, or one 
lies in A and the other in D. 
Now suppose N contains three points in a line. By the lemma, two of 
these points must be congruent and therefore both of them must lie in one 
of A, B, C, or D. Suppose they both lie in A. If one lies in A,, and the other 
in All, the line joining them is parallel to the x-axis and meets only a 
single congruence class of points of H(k,p); thus it contains no other 
points of N. Similarly, if one point lies in A,,, and the other in AlI , the line 
joining them is parallel to the y-axis and contains no other points of N. 
Finally, if one point lies in A,, and the other lies in Al,, the line joining 
them has slope - 1 and so the points of H(k, p) on this line must belong 
to either A or D. The only points of A n Non this line are those in A,, and 
A 1,, , which are the points we started with; and the line does not intersect 
any subset D,, lying in N. Thus no line containing two congruent points 
in A can contain three points of N. 
Similar arguments show that no line containing two congruent points 
in B, or in C, or in D can contain three points of N. It follows that N is a 
no-three-in-line subset of T& , and therefore there is a no-three-in-line 
subset of T,, containing 3(p - 1) points. 
COROLLARY. Girlen E > 0, there exists A4 such that there is a no- 
three-in-line subset of T, containing (8 - E) n points whenever n > M. 
Proof: Given e1 > 0, there exists M1 so that for all n > M1 , there is a 
prime p satisfying (1 - Q) n < 2p < n, by the Prime Number Theorem. 
Also, given c2 there exists M2 such that if 2p > M2 then 
3(p - 1) > (3 - EZ) 2p. 
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Now choose Ed and Ed so that E = #q + Em - E+~, and let 
M = max(M, , it&/(1 - q)). 
Then for IZ > M there exists p such that (1 - Q) n < 2p < n; this implies 
that 2p > MS and so 3(p - 1) > (Q - EJ 2p. Now by theorem 2 we can 
find a no-three-in-line subset N in T,, C T, with cardinality 
1 N 1 = 3(p - 1) > (Q - Q) 2p > (t - %)(1 - 4 n = (4 - 4 n. 
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